We study the dynamic evolution of the time series describing the plage regions areas observed daily at the Observatório Astronómico da Universidade de Coimbra, in each one of the solar hemispheres during solar cycles 21 -23. The classical ARMA model has proven to be insufficient to describe the time variations seen in the data because of the strong conditional variability. We found that the data are well fitted by ARMA mixed with power-δ TGARCH error models. The power index δ is non-integer; this property has recently been introduced in the literature on time-series analyses and indicates the presence of strong volatility and long memory in the data series. We also detected dynamic asymmetry in the plage region areas observed in the two hemispheres when two different temporal models were obtained to fit them. The finding of a dynamic asymmetry is also supported by the dynamic evolution of the daily difference (north-south) time series, which is significantly different from white noise. This statistical modeling of time series, taking into account new and different characteristics of the solar activity, will be very useful in subsequent forecast developments.
interval of 1952 -1998 and studied the hemispheric asynchrony of polar faculae and its relationship with the low-latitude solar activity. Li et al. (2009) studied the N-S asymmetry of high-latitude solar activity including polar faculae of cycles 19 to 23, and found that the N-S asymmetry in polar faculae counts is not simply related to the N-S asymmetry in sunspot numbers. Dorotovič et al. (2010) presented a statistical descriptive analysis of plage region areas (see Figure 1 ) between 1996 and 2006 measured on the Ca II K3 spectroheliograms obtained at the Observatório Astronómico da Universidade de Coimbra (OAUC), and concluded that the N-S asymmetry does exist. However, their study did not explore the dynamic properties of data in time. To analyze the dynamic nature of N-S asymmetry, it is essential to study the temporal evolution of data series. With this aim in mind, we used the same Ca II spectroheliograms of OAUC as Dorotovič et al. (2010) and analyzed the plage region areas in the two hemispheres during the period from March 1976 to December 2006 (covering solar cycles 21, 22, and 23).
Time-series modeling has undergone an important development in recent years. The linear formulation of the autoregressive moving average (ARMA) models has been found to be insufficient to adequately describe some types of data, such as financial or physical data. These types of time series present features of nonlinearity behavior. Particularly its conditional volatility, that is, its instantaneous variability, depends strongly on the past. To best take this property into account, several models describing the evolution of the conditional variance of the corresponding process appeared in the literature following the seminal paper of Engle (1982) . These types of models are known as autoregressive conditional heteroscedastic (ARCH) models (variance depending on time t ) and their generalization (generalized ARCH, or GARCH, models).
Another property often found in these time series is the asymmetrical reaction of the volatility according to the sign of past observations, namely the realization of different behavior during a rising or falling period. This typical behavior is taken into account in the threshold ARCH (TARCH) models (for a recent survey, see Francq and Zakoian, 2010) , in which the conditional standard deviation of the process at time t is a piecewise linear function of negative and positive values of past observations. Similarly, the presence of long memory in the conditional variance after a shock as input has led to the proposal of power-law GARCH models (Ding, Granger, and Engle, 1993; Pan, Wang, and Tong, 2008) .
A natural extension of the threshold ARCH processes that allows us to take into account both long-memory property and asymmetry in the stochastic volatility (Gonçalves, Leite, and Mendes-Lopes, 2012 ) is the TGARCH model with noninteger power-law index δ. Moreover, the models of this general class are also well adapted for heavy-tail data (as in the present case), since they are in general leptokurtic stochastic processes, that is, their kurtosis is higher than the standard value (3) of the normal distribution. The combination of ARMA models with an error process following conditional heteroscedastic models greatly improves the adequacy of the fitting and has been extensively studied in the stochastic literature and applied to real data (Weiss, 1984; Gonçalves and Mendes-Lopes, 2008) .
In this study, the calcium plage data of OAUC in the northern and southern hemisphere series are analyzed using the classical Box-Jenkins methodology (Box and Jenkins, 1976) and its generalization to take into account the features of conditional volatility if they are detected in the residual series of the model firstly deduced by the classical procedure. The dynamic evolution of the daily difference of the observations in the northern and southern hemisphere data is analyzed by the same procedure.
The data studied here are generally leptokurtic, which means that the data have a heavy tail. Therefore we also analyzed the Taylor effect in the same data series. This is another feature often observed in leptokurtic data.
All statistical analysis were performed using the statistical software Eviews. We took as general reference for the statistical analysis and related parameters the results reported by Gouriéroux and Monfort (1995) , and for a recent survey on time series we refer to Francq and Zakoian (2010).
Plage Region Areas: Estimation of Missing Observations and Their Validation
Typically, an analysis of time series requires observations that are equally spaced in time. However, in the long series under study some observations are missing due to weather and instrument conditions. To interpolate missing values, a random average methodology was implemented (Gouriéroux and Monfort, 1990) . We studied daily data on the northern and southern hemispheres of the Sun. In Figures 2 and 3 we present the observed plage region areas (in blue) and the corresponding interpolated (completed) series (in red) for the northern and southern hemispheres, respectively. Figure 4 gives descriptive summaries (histogram and numerical parameters) and comparison tests of means, medians, and variances (Gouriéroux and Monfort, 1995) of the original and completed series for the northern hemisphere. We remark that the p-value of the Jarque-Bera test (< 10 −6 ) and a kurtosis value higher than 3 indicate clear non-Gaussianity of the data as well as its leptokurtosis. This hypothesis is also supported by the estimated probability densities obtained by the nonparametric kernel method (Silverman, 1998 ) using the Epanechnikov kernel, which is optimal in a minimum-variance sense, with bandwidth Figure 5 (figures for the southern hemisphere data are not shown because they are similar to Figures 4 and 5).
The chi-squared tests (Gouriéroux and Monfort, 1995) confirm the probabilistic equivalence between the observed and the completed series. For the series of the northern hemisphere data, the null hypothesis of equality of the two distributions is clearly accepted (χ 2 -test, p-value 0.665 in Table 1 ); typically, the null hypothesis is rejected if the p-value is as low as 0.01 or 0.05. Similarly, for the southern hemisphere the equality of the distributions is also accepted with a p-value equal to 0.32 (Table 2) .
To discard a possible loss of information by aggregation, we repeated all these analyses for the recorded and estimated observations in each year. This study has led to similar conclusions, namely that the random average methodology used to complete the series maintains the original probabilistic structure. For instance, the equality of the observed and completed distributions of plage region areas, in each year and each hemisphere, is always accepted with a p-value higher than 0.6, using the χ 2 -test.
Temporal Evolution Modeling, Asymmetry, and Taylor Effect
To analyze the temporal evolution of the plage region areas, we considered the general class of ARMA models with power-law index δ in the TGARCH errors. We considered a real be the σ -field generated by (η t−i , i ≥ 0). The stochastic process η = (η t , t ∈ Z) is said to follow a δ power threshold generalized autoregressive conditional heteroscedastic (δ-TGARCH) model with orders p and q (positive integers) if, for every t ∈ Z, we have
for some real constants . . . , q) , and where ε = (ε t , t ∈ Z) is a sequence of independent and identically distributed real random variables such that ε t is independent of η t−1 for every t ∈ Z. If δ < 0 we consider the following convention:
Moreover, we recall that the stochastic process V = (V t , t ∈ Z) follows an ARMA(r, s) model with error process η if
where ϕ i (i = 1, . . . , r) and θ j (j = 1, . . . , s) are real numbers. The case of s = 0 is the AR(p) model. 
Temporal Evolution of the Two Series
To characterize the temporal evolution of several series studied, the Box-Jenkins methodology as well as its generalization are often used; therefore, we begin by analyzing the autocorrelation and partial autocorrelation 3 functions of the series (Francq and Zakoian, 2010). Figure 6 shows the autocorrelation and partial autocorrelation functions of the northern hemisphere series. As we can see, the autocorrelation function decreases exponentially and the partial autocorrelation is significantly null for lags greater than two days (these values are, with 95 % of confidence, in the neighborhood of zero). Therefore, we may estimate that the data are represented by an AR(2) model. A similar conclusion was obtained for the southern hemisphere series.
The estimation of this AR model leads to a heteroscedastic residual series. In fact, applying the Lagrange multiplier ARCH test to this residual, the null hypothesis of homoscedasticity is rejected with a p-value < 10 −4 (Table 3) . A generalization of the Box-Jenkins methodology must be used.
Therefore, we reanalyzed the northern hemisphere series considering the class of AR(2) models with general δ-TGARCH error processes. We assumed that the temporal evolution of the northern hemisphere series is described by the process N = (N t , t ∈ Z) such that with a TARCH(1) error process X = (X t , t ∈ Z) defined by
where (ε t , t ∈ Z) are independent real random variables with a centered and reduced Gaussian distribution.
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The associated residual series has properties of homoscedastic error process, that is, conditional variance independent of t . The residual correlogram (Figure 7) is compatible with that of a white noise as all the autocorrelations are significantly null (with 95 % of confidence in a neighborhood of zero). Moreover, the Lagrange multiplier ARCH test applied to that series accepts the null hypothesis of homoscedasticity with a p-value 0.81 (Table 4) . These facts validate the previous model, and therefore we conclude that the northern hemisphere series is well fitted by a non-centered AR(2) model with a TARCH(1) error process with power index δ = 0.108. Figure 8 shows our results on the plage region areas of the northern hemisphere. The completed series is plotted in red, the series estimated by the model mentioned above is delineated in green, and the corresponding residues are given in blue. We observe that the temporal model captures the evolutionary characteristics of the observed series well.
A similar analysis on the southern hemisphere series led to the process S = (S t , t ∈ Z) with the form
with the TARCH(1) error process Y with power index δ = 0.081 given by
where (ε t , t ∈ Z) are independent real random variables with a centered and reduced Gaussian distribution. The residual is also compatible with a homoscedastic error process; the Lagrange multiplier ARCH test accepts the null hypothesis of homoscedasticity with a pvalue of 0.80. We emphasize that ARMA-TGARCH models with integer power δ do not capture the heteroscedasticity of the residual series well, which indicates a long-memory property in the volatility (Ding, Granger, and Engle, 1993) of the plage region area data. 
N-S Asymmetry
The study developed in the previous section also reveals an asymmetry of activity in the northern and southern solar hemispheres, in line with Dorotovič et al. (2010) , when two different models were obtained for the two hemispheres. To validate this conjecture we describe the dynamic nature of the series of differences (northern hemisphere -southern hemisphere) between the values obtained on the same day in each one of the hemispheres with the process D t , t ∈ Z. The generalized Box-Jenkins methodology applied to this series leads to the following model:
with
where (ε t , t ∈ Z) are independent real random variables with a centered and reduced Gaussian distribution. This model is clearly distinct from white noise. In fact, the daily difference time series is modeled by a non-centered AR(2) process, D. Moreover, the error process follows an absolute value TARCH(1) model with power index 0.44 [Equation (8)]. The analysis of the residual series of this process D shows its compatibility with a homoscedastic error process; namely, the Lagrange multiplier ARCH test applied to this residual series accepts its homoscedasticity with a p-value equal to 0.49 (Table 5) .
It is interesting to observe that these two series, north and south, not only evolve differently, but their probability distributions are also clearly different. In fact, the chi-squared test applied to the north and south series, centered in advance, clearly rejects the null hypothesis of equality (p-value < 10 −3 , Table 6 ). In conclusion, we have shown that the evolution of plage region areas observed in the northern hemisphere is different from that of the southern hemisphere, having neither static nor dynamic symmetry.
Taylor Effect
The Taylor effect is a property detected in several empirical studies, often observed in real data sets with conditional volatility, in which the autocorrelations of the absolute value time series are larger than those of the squared time series (Taylor, 1986; Granger and Ding, 1995) . This property is also a characteristic of leptocurtik data, which are the case of the present topic (because the curtosis of our series is always higher than 3; see Figure 4 ). Figure 9 clearly shows the Taylor effect in the northern hemisphere data series. A similar plot can be obtained for the southern hemisphere series. Theoretical studies on this property have been carried out in some conditional heteroscedastic models, particularly in threshold ones (Gonçalves, Leite, and Mendes-Lopes, 2009 ). 
Conclusions
We analyzed the plage region areas during solar cycles 21 -23, using daily spectroheliograms obtained at the Observatório Astronómico da Universidade de Coimbra. Because the analysis requires data equally spaced in time, we interpolated the missing observations (due to weather and instrument conditions), preserving the same statistical properties as the original series. We found that the time series of plage region areas in the northern hemisphere is clearly different from that in the south hemisphere. This conclusion was obtained from the difference time series and also from the analysis of the temporal evolution of the two series. These studies led to quite different probabilistic properties in the northern and southern hemispheric data.
Moreover, the performed statistical analysis revealed a heavy tail with high volatility. The residuals from the ARMA model fitted to these series showed strong conditional heteroscedasticity. Furthermore, we observed that TGARCH models with integer power δ do not capture this volatility well. On the contrary, we found that these series have a temporal evolution well characterized by AR models with errors following power TARCH formu-lations, with noninteger power index δ. This allows us to conjecture that these series of observations have asymmetric stochastic volatility and long memory.
Furthermore, we pointed out that the Taylor effect in these series is certainly justified by their leptokurtosis and strong conditional volatility. This feature was introduced by Taylor (1986) after observing its presence in several financial time series. We showed that this property, which is commonly associated with financial data, is also clearly present in astronomical data. The results obtained here are in coherence with the conclusions deduced for solar activity from several studies of the classical sunspot series (Gonçalves, Pinto, and Stollenwerk, 2009). Recently, Pop (2012) and Noble and Wheatland (2013) pointed out that daily sunspot numbers follow a Laplace distribution, which is a heavy-tail distribution. Moreover, they discussed the strong variability in that data series and attributed it to the complicated local processes associated with sunspot formation, evolution, and decay.
Finally, we would like to emphasize our results in the context of the solar cycle prediction. Although the prediction of solar cycles has been studied using different formalisms and approaches, it is clear that the absence of a full explanation (and a mechanism) in understanding the solar cycle introduces a strong limitation on the prediction. The statistical approach remains the most reliable one (Hathaway, Wilson, and Reichmann, 1999) , namely, a time-series model is pursued that is well-fitted to data. In addition, taking into account the different behavior of the solar activity in the northern and southern hemispheres, the development of models describing each one of these series is a contribution to improving the predictions. With these types of models the precision in forecasting can be expressed as a function of current and past states of the process. This approach will allow, in particular, the detection of sub-periods of stronger or weaker volatility. The estimation of the probability distribution of these processes, as reported by Pop (2012) for sunspots, is another open question and can contribute, in particular, to measuring the quality of the produced forecasts.
